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as well as for testing numerical solution methods.
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General Thoughts on Finding special Solutions

Given: a non-linear PDE for a function f = f(x, y, z) which has
x,y,z and f and fy, f,, f, occuring explicitly in the PDE. Which
ansatz may have a chance?
f=1f(x,y)orf=1(y,z)orf="Ff(z,x)?

f = f(cooo + C100X + Cot0Y + Coo1Z + ... + Ck/kaylZm) ?
f=p(x)+aly)+r(z)?

f=p(x,y)+qly,2) +r(z,x)?

Increasing the generality of the ansatz — exponential increase
of complexity only marginal increase of chance to find solution
For a simple minded approach to work it needs to be paired
with a special property of the PDE.

Advantage of symmetries: They allow simple restrictions, like
0f/0z = 0 if z is a symmetry variable without cutting all
interesting solutions.

What other simple cut/ansatz becomes possible in the
presence of a (point-)symmetry?
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How to apply symmetry group methods to solve
PDEs?

» Lie’s method of symmetry reduction [Lie, Ovsiannikov,
Bluman, Olver, ...]
» method of group foliation [Lie, Vessiot, Ovsiannikov]

» oo - dimensional symmetry group
[Nutku, Fels, Pohjanpelto, Sheftel, Winternitz, Golum,
Thompson & Valiquette]

» finite-dimensional symmetry group
[Anderson, Fels, Anco & Liu, Anco & Ali & Wolf, Anco &
Feng & Wolf]

» Group foliation is a geometrical generalization of symmetry
reduction.
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Symmetry Reduction

Solution space of
PDE

jet space
» solutions invariant w.r.t. (sub-)group G of symmetries
+» fixed points of symmetry generators X,

» equation for G-invariant solutions of PDE

» differential order stays same
» jet space becomes smaller

» n order PDE reduces to n™ order ODE iff dim G is
sufficiently large
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» orbits of (sub-)group G of symmetries of PDE
< families of solutions closed w.r.t. action of G
» equations for G-closed solution families

» differential order is reduced
» size of jet space stays same



Group Foliation

R B — . Solution space of PDE ____

s
invariantization
-
-
integration
jet space jet space of invariants of G

» orbits of (sub-)group G of symmetries of PDE
< families of solutions closed w.r.t. action of G
» equations for G-closed solution families
» differential order is reduced
» size of jet space stays same
» n'" order PDE converts into (n — 1)™ order system of PDEs

» How can one solve the G-invariant system?
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Consider 2" order PDE in 2 independent variables
and 1 dependent variable

F(t,X, u, uz, Uy, Uy, quvuXX) =0

Lie symmetry group G with dim G < oo
« group of point transformations on (¢, x, u) with generators X,
such that pr X;F =0 modulo F =0,DxF =0,D;F =0, ...

Consider one-dimensional subgroup G1 € G generated by
X =7(t, x, u)9 + &(t, x, U)dx + n(t, X, U)oy

Assume prolonged action on jet space J> = (t, x, u, U, Uy, ...)
is regular and transitive.

Construct group foliation in 5 main steps:
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Step 1: Invariantize Coordinates in Jet Space

invariants of X: y(t, x,u), v(t,x,u) st. Xy =Xv=0
canonical cordinate of X: z(f, x,u) st. Xz=1.

regularity and transversality = point transformation
(t,x,u) — (z,y,v)
coordinate transformation in jet space
J>* =(2,y,V, V2, Vy, Vyy, Vyz, Vzz, ...)
symmetry generator X= 9, < e-translation

vy, Vz(t, X, u, U, ux): 1% order differential invariants of pr X.
Vyy, Vyz, Vzz(E, X, U, Ut, Ux, Utt, Upx, Uxx): 2"d order differential

invariants of pr X.
etc.
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Example: Nonlinear heat equation

Ut = U+ Duy + kuP™ p£0,—-1, k#0

m = non-negative integer = m+ 1 dim. radial heat conduction
m # non-negative integer = 2 dim. radial heat conduction

with point source (1 — m)limy_,o u
symmetry group generated by

X = 0 time translation
X = 9x (fm=0) space translation
X = 2td; + x0x — %u@u scaling

consider scaling symmetry  X= 2td; + x9x — %u&u

invariants ((t, x,u) s.t. X¢ =0 =2t + x{x — ,%UCU
= ( is function of y = X—f, v = x2/Py

canonical coordinate z(t, x,u) s.t. Xz =1
= z = Inx + (function of y,v) =Inx (for simplicity)



Example Continued

Change of variables (t, x,u) — (z,y, V)

X = €
2z
;&
y
u = e v
= DX - ZXDZ + nyy - eszz + zeizyDy
D = zD,+yD, = —-e22y2D,

symmetry generator becomes X= 9, translation
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Step 2: Invariantize Solution Space of PDE

Each orbit of symmetry group Gy represents a one-parameter
family of solutions u = u(t, x, ¢y) satisfying

F(t7X7 u, ut, Uy, Uy, U, UXX) =0

action of Gy on solution is z — z + ¢ in terms of group
parameter ¢

= invariantized solution family v = v(z + ¢4, y) s.t. v, # 0 with
61 — 61 + £ under G4

PDE is invariant w.r.t. X = 9,

& Fly, v, vy, vz, Vyy, Vyz, V2z) =0 (Fz = XF = 0)

is the invariantized PDE

solution family satisfies F(y, v, Vy, Vz, Vyy, Vyz, Vzz) = 0



Example Continued

The “invariantized” heat equation becomes
4
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+= (1 +2—m) v + kyPt!
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Any solution v = v(z, y) gives a solution
u=x"2/Py(Inx + ¢y, x?/1).



Example Continued

The “invariantized” heat equation becomes
4

8

+l23 <1+I2)—m>v+kver1 (1)
Any solution v = v(z, y) gives a solution
u=x"2/Py(Inx + ¢y, x?/1).

The method of symmetry reduction (of the number of variables)
assumes v, = 0. What remains of (1) has no point symmetries
according to LIEPDE and no first integrals according to
CONLAwW.

= Classical symmetry method reaches a dead end!



Step 3: Adapt Variables to Orbits of Symmetry Group

along orbit v = v(z + ¢4, )

= z=Z(y,v) — ¢ by implicit function theorem

= use y, v (invariants of X) as independent variables and
use differential invariants of pr X as dependent variables

VZ‘Orbit - Vz‘zzzfa . r;’?(ya V) } 1St0rder
Vyloic = Vy‘z:Z—a = (y,v)

Vazloit = VZZ’z:Z—E‘1 = r270(}/7 v)

VZy‘OI'bit = sz ’Z:Z— &1 = r1 ’1 (}/7 V) 2nd0rder
Vyy‘orbit = Vyy’z:ZfEﬁ =: r072(y> V)

etc.
relations between 1% order s and 2" order Is:

(Vz)z = Vzz, (W)y = Vyy, (Wy)z = (Vz)y

are called syzygys



Computation of Syzygys

D; = proz = 0z + Vz0y + Vzz0y, + VzyOy, + ... prolongations
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Computation of Syzygys

D; = proz = 0z + Vz0y + Vzz0y, + VzyOy, + ... prolongations
Dy = prdy = 0y + vyOy + Vz0y, + vy, + ... | toJ™

evaluate along orbits of G;

Drloit = 0 +T100, + 1209000 + T 10001 +... = D,
Dy|orbit = ay + r0,1av + r1’1ar1,0 + r0728r0,1 +... = by
= r2,0 —_ ﬁerO — r1,0r1,0v
ro2 — ?yro,‘l — r0,1y + 0,1 r1,0v S
rt — p,rot — rtorot, yzygys
— byr1,0 — r1,0y + o1 |-1,0V

etc.

JI®omic = (v, v, 110,101 120 111 192"y modulo syzygys
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dependent variables: 19,101 } along orbits of Gy
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Step 4: Convert Invariantized PDE into 1% Order
System

independent variables: y, v

dependent variables: 19,101 } along orbits of Gy

syzygy relating 1%t order 's: 0 = "0, 40110, _r1.0r0.1 (2
invariantized PDE:

0 = F(y,v,vg Vy, Vzz, Vzy, Vyy)|orbit
= 1,0 0,1 2,0 1,1 0,2 _ B
= F(y,v,r>°r>nr=>r>r>=)y = F

Substitution of 20, 1'-1 192 ysing above syzygies gives
0 — I‘:_(y, Z, I—‘I,O7 r0,1 , I—‘I,Oy7 |—0,1y7 r1,0v’ |—0,1 V)- (3)

(2), (3) are the group-resolving system which is a 1% order
system of PDEs for [''9(y, v), I%1(y, v).
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Va|oic = 0, ..  Vyy lorbit = r0,1y+r071r170v:>
0 = (Vazrt... +kvPT) i (invariantized heat equation)

4
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Example Continued

Va|oic = 0, ..  Vyy lorbit = r071y+r071r170V:>
0 = (Vazrt... +kvPT) i (invariantized heat equation)

4
= 0, r10 4 4yr07, 1oy <m 1— p) 1.0

+AyA(TTy + TN 4y <y - 2 +2(m+ 1)) ro.!

_|_2(1+2_m>v+kv,0+1
p\ " p

Using the syzygy
ro,1r1,ov_r1,oro,1v+r;/,o:0 (@)

the scaling group resolving system for I':0(y, v), %' (y, 2) is ...



Example: Group Resolving Equations

ro1rto, _ 10r0d, 4 (10— g (5)

1
5@y =T (2yr0T, —T10,) — 4y2r0, 4 2yr' 0,
+r%" —2p+m— D' + (2p+ m—3)2yro! (6)
kvPt! + p(p4+ m—1)v
L.h.s. of (5) has general form T1(I") := a4l ATy + 1Ty

L.h.s. of (6) has general form To(I) := aol ©® 'y + Baly + 72l
(A: antisymmetric product, ®: symmetric product)
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r170:g(y7 V), r071 :h(ya V)

satisfy the group-resolving system.
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Step 5: After solving the System:
Reconstruct the PDE Solution Families from Orbits

Let
r170 :g(y7 V), r071 :h(ya V)

satisfy the group-resolving system.

onorbit: vz =g(y,v), v, = h(y,v)

which is a pair of Gy-invariant ODEs.

invariance = can integrate to obtain v(z, y) (up to quadrature)

called automorphic property
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Solving the Group-Resolving System
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= vz = 0 = 1% order ODE v, = h(y, v) for v(y)
(without guarantee that this ODE can be solved)
any solution v = v(y, ¢y) is invariant w.r.t. X = 9,
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1. Case of Integration

| 2 g:o

= vz = 0 = 1% order ODE v, = h(y, v) for v(y)
(without guarantee that this ODE can be solved)
any solution v = v(y, ¢y) is invariant w.r.t. X = 9,

change variables (z,y, v) — (t, x, u)
= solution u = u(t, x, ¢1) invariant w.r.t. Gy,
= one-parameter family of fixed points of G4

= this case is equivalent to the symmetry method



2. Case of Integration
> g#0
onorbit: v, =g(y,v), vy = h(y,v)

= use hodograph transformation on z, v
= z(y, v) satisfies

Zy = 1/g(ya V)a Zy = _h(yv V)/g(y7 V)
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= z(y, v) satisfies
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= implicit solution v = v(z + ¢4, y)



2. Case of Integration

> g#0

onorbit: v, =g(y,v), vy = h(y,v)
= use hodograph transformation on z, v
= z(y, v) satisfies

Zy = 1/g(ya V)a Zy = _h(yv V)/g(y7 V)

solve by line integral formula

" 1 h(y,v) .
Z+C = dv — d ath — independent
= gy penden)

= implicit solution v = v(z + ¢4, y)

change of variables (z, y, v) — (¢, x, u)
= solution u = u(t, x, ¢1) closed family w.r.t. G, i.e.
one-dimensional orbit of G4



Theorem
For 2" order PDE
F(t7X7 u, ut, Uy, U, Uxx, qu) =0

in 2 independent variables t, x and 1 dependent variable u with
one-dimensional symmetry (sub-)group G1, solutions of the
group-resolving system

r170:g(y7 V)7 r071 :h(y7 V)

are in one-to-one correspondence with one-parameter families
of solutions u = u(t, x, ¢1) of the PDE such that the family is
closed under the action of Gy.



Theorem
For 2" order PDE
F(t7X7 u, ut, Uy, U, Uxx, qu) =0

in 2 independent variables t, x and 1 dependent variable u with
one-dimensional symmetry (sub-)group G1, solutions of the
group-resolving system

r170:g(y7 V)7 r071 :h(y7 V)

are in one-to-one correspondence with one-parameter families
of solutions u = u(t, x, ¢1) of the PDE such that the family is
closed under the action of Gy.

This generalizes to PDEs of higher order, arbitrary # of
dependent and independent variables and higher dimensional
symmetry group (abelian or solvable).
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» All solutions of original PDE arise from solution space of
group-resolving system (including those from symmetry
reduction which compose special case).
= cannot solve group-resolving system in general (unless
original PDE itself can be solved)
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How to find solutions of the group-resolving system?

» All solutions of original PDE arise from solution space of
group-resolving system (including those from symmetry
reduction which compose special case).
= cannot solve group-resolving system in general (unless
original PDE itself can be solved)

» look for special solutions of group-resolving system
= impose reduction ansatz or condition on system, e.g.
.0 = 0 (1. case in reconstruction step)
= system reduces to 1% order equation for %
= characteristics of equation reproduce ODE for G;
invariant solutions of original PDE

» if original PDE has additional symmetries inherited by the
group-resolving system then symmetry reduction possible
= yields only group-invariant solutions of original PDE
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» reduction under hidden symmetries
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Reduction Methods for Group-Resolving Systems

» reduction under hidden symmetries

» Bluman’s nonclassical method (invariant surface condition)
Clarkson’s direct method and more general functional
separation methods

» (successfully used by us:)
separation ansatz tailored to certain homogeneity features
of group-resolving system
» yields explicit solutions
» semi-algorithmic = suited to computer algebra (e.qg.
Crack/Reduce)
» used for group-resolving systems coming from semilinear
PDEs with power nonlinearities



Example: Homogeneity Property
Ansatz I = a(y)v + b(y)v? with g # 1 gives conditions

a a q a a
0=al0 v + v xbl0 + v %a0lxblOxg - v %xa0lxbl0 - v %al0xb0lxg + v %xalOxb01
y y

2 q P 2 2%q 2 2 2%q
0=4%al0 »v *y + 4*v *xb1l0 xvxy — 2%V xkxv — 4d%v *b01l *gxy + 4xv *b01+xbl0xg*y
y y
2xq 2 9 2 q
- v *b10 *q — 4*v *a0lxb0l« (gt+l)*v*y + 2xv *a0l*blOx (g+l) *vxy

q q q q
+ 2%v %al0xb0lxqsvsy  + 2#v *al0xb0l+vsy — v +alO+bl0+ (q+1) *v + 4%v *b0Lsmsviy

a a q q a
+ 8xv *b01lxp*vxy — 12%v xb0lxvxy + 2%v *b01lxv — 2xv xbl0+m*v — 4xv xbl0*p*v

aq 2 2 2 2 2 2
+ 2xv *b10%v - 4xal0l xv xy + 4xa0lxal0xv »y + 4*xa0lxm*xv *y + 8xallxpxv xy

2 2 2 2 2 2 2
- 12%a0l+v *y + 2%al0lxv - al0 xv - 2#al0xmxv - 4%alO*p*xv + 2xal0xv

2 2 2 2
+ 24MAp*V  + 24D *V  — 24p*V

1%t condition — a10 =const + ODE
2" condition has exponents v2, va+1 29, ypt+2



Example:

= 2cases: g=p+1, g=p/2+ 1 with each 4 conditions for 3
functions a01, b01, b10 and 3 constants p, m, c1,(k is a
parameter), for example:

0=2%b10 + a0lxbl0xp + b0lxclsp

y

2 2 2 2 2 2
0=4%b01 *p*y + 8+b01 *y — 4xb01xbl0*p*y - 8+b01xbl0%y + bl0 *p + 2%bl0 + 4k

2 2 2

0=4xa0l xy + 4xal0lxcl*y — 4*al0l+«mxy - 8*xall+pxy + 12xallxy - 2xal0l + cl

2
— 2xclsm — 4xclxp + 2%cl — 2xmxp — 24p + 2%p

2 2
0=4xa01+b01lxpxy + 16%xa0lxb0lxy + 2xa0lxbl0xpxy — 8%xal0lxblOxy + 6+xb0lxclxpxy

+ 8xb0lxclxy — 8+b0lxmxy — 16+xb0lxpxy + 24xb0lxy - 4xb01 — blOxclxp

= 4xbl0xcl + 4xbl0xm + 8xblOxp - 4xbl0

To obtain all solutions one can use computer algebra packages
for solving nonlinear overdetermined systems of
algebraic/differential equations, e.g. the package CRACK.



Outline

Solutions for the Nonlinear Heat Equation



Example: Solutions of the group resolving System |

gV—i— %VP‘H

Gi) r*'=o, r'o= EV:I: ;2,(‘/1-*17/2’ m=0
p p+2
[k(1—m) m-2
0,1 = —+ _ T ym
(i) ¢ (3—m) oV

k(1—m) /1 3—m\ me
1,0 _ _ s =
r = 21—-myv=+2 > <2+ y )v i

(i) o7 =kt 0=

1-m



Example: Solutions of the group resolving System I

(v) %" =0
10 _ — sy (M= 1)?
r = +£Vk(1 —m)vm- 5V
_4-2m
P= =
(v) rot = 3 (v + vV —2kv?)
3y +1
3 5
o _ 2 2
2y(3y+1)<(y +3y+4>v
+v/—2k <y2 + ;y+4> v2>

3
p = 2,m_E



Example: Solutions of the group resolving System Il

3 3
. o1 _ 3 —1
(vi) T 3y+1v:t2\/Rv

3 1
1,0 — 2 o
"= e ((Fraree)y
iﬂ(y2+1§y+1> v‘>
3

:—4 = —
p ,om=3



Solutions of Nonl. Heat Eqn. u; = Uy + Zuy + kuP

(i) u=(—ko(t+cy)~ P

invariant under scaling symmetry and time-translation

p ok —2/p
(i) u=x <i21/p+zlnx+c1> , m

non-invariant w.r.t. X= ad; + b(2td; + xdx — %u@u)

0




Solutions of Nonl. Heat Equation continued

m—1
—k X L+ ¢
) ”:(i\/(m_ﬂ(m_s) (2_(’"_3) x >>

» invariant w.r.t. X=2(t + ¢1)0; + x0x — %uau
scaling+time-translation

» one-dimensional orbit of scaling group
(t— 6%, x—ex, u—e /)= (c; —» & = e cy)

(e =group parameter)



Solutions of Nonl. Heat Equation continued

(iv) u = (i 17(m(c1x3_m—x>>mz,

p:

m-—1

non-invariant w.r.t. X= ad; + b(2td; + xdx — %u@u)



Solutions of Nonl. Heat Equation continued

5 3t+ x2

==
v) v vV —2k x(15t + x2) + c1x"/

5 §=2, m=3/2

» non-invariant w.r.t. X = ads + b(2t0; + x9x — udy)
» one-dimensional orbit of scaling group

(t—e*, x—ex, Uu—ecu)=(c— & =e "%¢)



Solutions of Nonl. Heat Equation continued

(vi) u= <iﬂ(1 + ¢1(3t + x?)) C’(t +x>>1/2, q=-4,m=3)/2.

» non-invariant w.r.t. X = ad; + b(2t0; + x0x + %u@u)
» one-dimensional orbit of scaling group

(t— e*t, x = ex, u— e/?u)= (c; = & = e*¢c)



Outline

The semilinear radial Schrédinger equations



The Equation

iuy = Uy + muy/r + klulPu,

for u(t, r), and p, m constant.

p#0,

k0



The Equation

iU = Uy + muy/r + klulPu, p#0, k#0 (7)
for u(t, r), and p, m constant.

» m > 0 ¢ N: model for slow modulation of radial waves in a
weakly nonlinear, dispersive, isotropic medium in m + 1
dimensions (Sulem, Sulem)
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The Equation

iU = Uy + muy/r + klulPu, p#0, k#0 (7)

for u(t, r), and p, m constant.

» m > 0 € N: model for slow modulation of radial waves in a
weakly nonlinear, dispersive, isotropic medium in m + 1
dimensions (Sulem, Sulem)

» m = 0: same, only r is the full-line coordinate

» otherwise can be interpreted as slow modulation of
two-dimensional radial waves in a planar, weakly nonlinear,
dispersive medium containing a point-source disturbance
at the origin, with modulation term (m — 1)u,/r.



Point Symmetries

time translation Xans. = Ot
phase rotation  Xypas. = iudy —itdy
scaling Xsca, = 20t + roy — (2/p)udy — (2/p)udy
inversion Xinver. = 120; + tro, — (2t/p +ir?2/4)ud,
—(2t/p —ir?/4)uoy (only for p = 4/n)

where X is the infinitesimal generator of a one-dimensional
group of point transformations acting on (¢, r, u, u). The
inversion is called a pseudo-conformal transformation, and the
special power for which it exists is commonly called the critical
power.



Symmetry Groups

On solutions u = f(t, r) of the radial NLS equation (7), the
one-dimensional symmetry groups arising from the 4
generators are given by

u = f(t—er),

= exp(ig)f(t,r),
u = NEPIATRL AT,

s 2
t r 4
= 1 _2/p — 1€r f = —
. (1 +et) eXp< 4 + 4et 14+et’'14¢€t)’ P n’

with group parameters —oco < e < 00, 0 < A < 00, 0 < ¢ < 2.




Resulting ODEs

Examples:
For p=4/n > 0 (“critical case”), blow-up solutions

u(t,r) = (T—1)~"2U(¢) exp(i(w+r?/4)/(T—t)). €=r/(T-1),

are invariant under a certain pseudo-conformal subgroup in the
full symmetry group, where U(¢) satisfies the complex ODE

U+ (n—1)e U +wlU+ KUY"U = 0.



Resulting ODEs

Examples:
For p=4/n > 0 (“critical case”), blow-up solutions

u(t,r) = (T—1)~"2U(¢) exp(i(w+r?/4)/(T—t)). €=r/(T-1),

are invariant under a certain pseudo-conformal subgroup in the
full symmetry group, where U(¢) satisfies the complex ODE

U+ (n—1)e U +wlU+ KUY"U = 0.

For p > 4/n > 0 (“super critical case”) a general class of
blow-up solutions is believed to asymptotically approach

u(t,r)y = (T —t)""PUE) exp(iwIn((T — 1)/T)), €=r/VT —t,

which is invariant under a certain scaling subgroup in the full
symmetry group of (7), where U(¢) satisfies the complex ODE

U'+((n—1)e" = Jie)U' — (w +i/p)U + k|UIPU = 0.



Resulting ODEs

Examples:
For p=4/n > 0 (“critical case”), blow-up solutions

u(t,r) = (T—1)~"2U(¢) exp(i(w+r?/4)/(T—t)). €=r/(T-1),

are invariant under a certain pseudo-conformal subgroup in the
full symmetry group, where U(¢) satisfies the complex ODE

U+ (n—1)e U +wlU+ KUY"U = 0.

For p > 4/n > 0 (“super critical case”) a general class of
blow-up solutions is believed to asymptotically approach

u(t,r)y = (T —t)""PUE) exp(iwIn((T — 1)/T)), €=r/VT —t,

which is invariant under a certain scaling subgroup in the full
symmetry group of (7), where U(¢) satisfies the complex ODE

U" + ((n—1)e " = ie)U' — (w +i/p)U + k|UPU = 0.
Both ODEs are intractable.



Time-translation-group Resolving System |

Obvious invariants: x =r, v=u satisfy Xyans {X,V,V} =0
and Xphas.x =0, Xphas.v =1v, Xphas.V = —iv.



Time-translation-group Resolving System |

Obvious invariants: x =r, v=u satisfy Xyans {X,V,V} =0
and Xphas.x =0, Xphas.V =1v, Xphas,V = —iv.

Obvious differential invariants: G = u;, H = u, satisfy
XN G=x{). H=0 and X! G=iG X!) H=iH,
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phas,  are first-order prolongations.
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phas,  are first-order prolongations.

X, v, v are mutually independent,
G, H are related by D,G = D;H and the radial NLS equation

iG—r'="D,(r"""H) = kv'+P/2yP/2,



Time-translation-group Resolving System |
Obvious invariants: x =r, v=u satisfy Xyans {X,V,V} =0
and Xphas.x =0, Xphas.v =1v, Xphas,V = —iv.

Obvious differential invariants: G = u;, H = u, satisfy
XN G=x{). H=0 and X! G=iG X!) H=iH,

trans. trans. phas. phas.

where Xt(:azls,, Xm

phas,  are first-order prolongations.

X, v, v are mutually independent,
G, H are related by D,G = D;H and the radial NLS equation

iG—r'="D,(r"""H) = kv'+P/2yP/2,
To summarize, G = G(x, v, V), H= H(x, v, v) satisfy

Gx + HG, — GH, + HG; — GH; =0
iG — (n—1)H/x — Hy — HH, — HHy = kv!'*P/2yP/2

what we call the time-translation-group resolving system.



Time-translation-group Resolving System |l

Lemma

Phase-equivariant solutions G = g(x, |v|)v, H = h(x,|v|)v of
the time-translation-group resolving system are in one-to-one
correspondence with two-parameter families of solutions
u=u(t,r,ci)exp(icy) of the radial NLS equation satisfying the
time-translation invariance property

U(t + €, C1) = U(t7 r, a‘I (67 o] )) exp(i62(67 02)) (8)

(in terms of group parameter €) with ¢1(0, 1) = ¢ and
¢2(0, ) = 0, where ¢y, co are the constants of integration of
the pair of parametric first-order ODEs

Ur:h(r7u7a)a Ut:g(r,U,U)

which are invariant under Xans. @and Xpnas. -



Time-translation-group Resolving System Il

Lemma

There is a one-to-one correspondence between two-parameter
families of static solutions u = f(r, cy) exp(ico) of the radial NLS
equation (7) and solutions of the time-translation-group
resolving system that satisfy condition G = 0.



A Homogeneity Observation
The group-resolving systems for G = G(x, v, v), H= H(x, v, V)
have the structure

(2508 = (it o)

where T4 and T, are quadratic nonlinear 1st-order differential
operators



A Homogeneity Observation
The group-resolving systems for G = G(x, v, v), H= H(x, v, V)
have the structure

(2508 = (it o)

where T4 and T, are quadratic nonlinear 1st-order differential
operators which obey the homogeneity properties:

TQ(’YV-’— )\vaa) =vv + Hvbva + €V2b_1 V2a + /{Va+bVa+b_1

with «, 8, €, k, A, v, u denoting functions only of x.



A Homogeneity Observation
The group-resolving systems for G = G(x, v, v), H= H(x, v, V)
have the structure

(2508 = (it o)

where T4 and T, are quadratic nonlinear 1st-order differential
operators which obey the homogeneity properties:

Ti(av + BVPVE yv + APV = vy + uvPv?

To(yv 4+ AVPV3) = vv 4 pvPv? + V201928 4 yatbpathb-T

with o, 5, €, k, A, v, 1 denoting functions only of x.
Additionally, these operators have the phase invariance
properties:

Xphas.T1 (Va+1 Va, Vb+1 Vb) = iTy (Va+1 Va’ vb+1 Vb)

Xphas.TZ(Vb—’-1 Vb) = iTg(Vb+1 Vb)



Ansatz

Based on these homogeneity and phase invariance properties
the group-resolving system should have solutions of form

H = (hi(x)+h(x)|v[*)v,
G = =T (M) + h()VP2)V) — ikv|v]?,

a+#0,satisfying X)) H=iH and X{) G=iG.



Ansatz

Based on these homogeneity and phase invariance properties
the group-resolving system should have solutions of form

H = (hi(x)+h(x)|v[*)v,
G = =T (M) + h()VP2)V) — ikv|v]?,

a+#0,satisfying X)) H=iH and X{) G=iG.

In particular, the homogeneity properties show that the v term
in H will produce terms in T1(G, H) and T,(H) that contain the
same powers v, v|v|?2 already appearing in H and G.



Splitting

Substitution of the ansatz in the group-resolving system gives
one equation with monomial powers

v, v|v]2a v|v|*a  v|v[8a  v|v|P, v|v|Pt?a,
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generated possible pairings of exponents, like p = 2a(+# 0)



Splitting

Substitution of the ansatz in the group-resolving system gives
one equation with monomial powers

v, v|v]2a v|v|*a  v|v[8a  v|v|P, v|v|Pt?a,

Splitting is performed for each one of the automatically
generated possible pairings of exponents, like p = 2a(+# 0)

Each splitting results in an overdetermined differential system
for 2 complex (= 4 real) functions of x and constants a, p, m.



Solution of

Overdetermined Systems |

Computer algebra package / system: CRACK / REDUCE

Methods:

Problems:

computation of differential Grébner basis,
integrations, splittings, maintaining list of
inequalities, > 80 modules, link to external
packages SINGULAR and DIFFELIM

allows different levels of automation

increasing length of equations and large number
of cases and sub”-cases



Solution of Overdetermined Systems continued

Unorthodox measures:

» not aiming at eliminating functions to be able to split wrt. x
but to eliminate x earlier and to split wrt. one x-dependent
function,
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Unorthodox measures:

» not aiming at eliminating functions to be able to split wrt. x
but to eliminate x earlier and to split wrt. one x-dependent
function,

» reducing the number of different x-dependent functions
including x itself by creating homogeneous equations
through

» introducing new functions, e.g. hs(x) := xhz(x) for which
some equations become x-free
» combining equations to eliminate inhomogeneous terms
with the effect of eliminating x automatically when
eliminating the functions so that finally one x-dependent
function less needs to be eliminated before splitting wrt.
the last x-dependent function becomes possible



Solution of Overdetermined Systems continued

Unorthodox measures:

» not aiming at eliminating functions to be able to split wrt. x
but to eliminate x earlier and to split wrt. one x-dependent
function,

» reducing the number of different x-dependent functions
including x itself by creating homogeneous equations
through

» introducing new functions, e.g. hs(x) := xhz(x) for which
some equations become x-free
» combining equations to eliminate inhomogeneous terms
with the effect of eliminating x automatically when
eliminating the functions so that finally one x-dependent
function less needs to be eliminated before splitting wrt.
the last x-dependent function becomes possible

» to work at first only with a subset of equations that are
homogeneous in some sense,
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the reduction of differential order



Solution of Overdetermined Systems continued

More unorthodox measures:

» to give the reduction of non-linearity a higher weight than
the reduction of differential order

» to try integrating equations and by that reducing the
number of terms and lowering the differential order
resulting in fewer steps in the decoupling process,
reducing the length explosion later on



Solution of Overdetermined Systems continued

More unorthodox measures:

» to give the reduction of non-linearity a higher weight than
the reduction of differential order

» to try integrating equations and by that reducing the
number of terms and lowering the differential order
resulting in fewer steps in the decoupling process,
reducing the length explosion later on

» after the final splitting large polynomial systems for
unknown constants remain to be solved, use the package
SINGULAR or resultant computing techniques both
applicable from within the package CRACK.



Results for the Time+Phase-Translation-Group
Resolving System

Solutions exist only in the cases a = p/2, a= p/4, and
a=1/n. For p # 0 and n # 1, these solutions are given by:

hi=(@-n)x"", Reh, =0, hy®=2k(2-n)/n,
a=p/4, p=2/(2—-n), n#2

hy=(@2—-n)x"", Reh, =0, hy2=—k,
a=p/4, p=2B8-n)/(n-2), n#23



Results continued

hi=@-n)x"", Imhy=0, h2=(2-n)k,
a=p/4, p=2B8-n)/(n-2), n#23
hi =Imh, =0, H,+(n—1)x""h,+ k=0,
a=-1/2, p=—1
Imh1:Imh2:O, hq+h12+(n_1)xi1h1:07
L+ (b +(n—1x Y +k=0, a=-1/2, p= -1
Imhy =Imhy =0, x2H + (2x2hy + (n—1)x)H, — (n—1)hy =0,
b4+ (h+(n—NDx N +k=0, a=-1/2, p=-1



The Solutions for H and G

For p # 0 and n # 1, the earlier ansatz yields the following
solutions of the time-translation-group resolving system:

H
H

0, G = —ikv'tP/2yp/2

iCyxv!t1/nyt/n

G = iC2x2v'T2/Mp2/N L Cipy VYN _ gy +PI2PI2,
n 7é 07 C1 ?é 0

(2= n)x~1v +iy/2k(1 — 2/n)v(5-2n/(4-2n)y1/(4-2n),
G=+(4—n)/2k(1 - 2/n)x‘1 y(5—-2n)/(4=2n);1/(4—2n)
+ik(1 - 4/n)v(3_”)/(2—n) V1/(2—n)’

p=2/(2-n), k(1-2/n)>0, n#2

(2 — n)x~'v £ iVky(1=1/@n=4)y(8=n)/(2n-4)

G=0, p=2@B-n)/(n-2), k>0, n#23

2 — n)x v F /(2 = n)kv(1=n/(4=2n)y(n=3)/(4-2n)
G=0, p=28-n)/(n-2), k(2-n)>0, n#23



More Solutions for H and G

H = (—(k/n)x+C1x1‘”) V12512, G=0,p=-1,n#0

H = x(Ci—kinx)v'/?2v="/2, G=0, p=-1, n=0
H = (2-n)(x+ Cix" (v +(Co+ (k/(2n))x?)v1/2u~1/2)
—(k/mxv'/2y=12 G=0, p=-1, n#0,2
H = x(x*+Cy)~'(2v — (KkCiInx + Co))v'/2v~1/2)

—(k/2)xv'2y=12 G=0, p=-1, n=0
H = (Inx+C) "x (v + (Co+ (k/4)x®)v'/2y=1/2)

—(k/2)xv'2v=12. G=0

p=-1, n=2



More Solutions for H and G

H = £V (Cadpone(VCX) + Ca¥ir_ma(VCi))
((Cokinsa(v/C1x) + Cs Yenya(v/Crx)
(v + (k/C1)v1/2V_1/2) i C4x_”/2v1/2V_1/2)
G=iCyv, p=-1, £(1-n/2)>0, C;>0

H = \/C>1(CZI|1—n/2|( Cix) + C3e™ " ="2K; o ( C1X)>_1 X
((Cglan/g(\/ax)—k Cae™™/2K.2(1/CrX)) x
(v — (k/Cy)V!/2u=1/2) C4x*”/2v1/2V*1/2)
G=-iCyv, p=-1, £(1-n/2)>0, C;>0



Solutions of the Radial NLS

The radial NLS equation has the following exact solutions
arising from the explicit solutions of the time+phase-translation
group resolving systems for n # 1:

u = (co/k)"Pexp(ic; —icst)

: 2
_ . 1C3r
Dik .
— (¢ Cal np/2
+03(’7,0*2)(2+ ) 7

p#2/n, n#0, c3#0

. 2
—n/2 1C3r

0 (1~ 40 o)
p=2/n, n#0, c3#0

ik
u = (c+cstb) —C—Sln102+c3t| ,



More Solutions of the Radial NLS

u = (£/n(n—2)/(2k))? " ((c2 + (n— 4)t)/r)"?
exp (iC1 +i(1—=n/2)r?/(co + (n— )t)) 7
p=2/(2-n), n(n-2)/k>0, n#2

u = (k(n _31/(2— n)s)(zfn)/(efzn) (r . cgr3—”) (2—n)/(3—n)
explici), p=2(3-n)/(n-2). k(2-n)>0, n#23

u = (Bn- 2)2/k)("*2)/(6’2”) oon

exp(icy +icpr"2),
p:2(3_n)/(n_2)7 k>0a n7é273a 02750

X



More Solutions of the Radial NLS

u = ( — k/Cs +r'""2 (Cad1_ns2(v/Cor) + 3 Yj1—ns2(\/CeT)) X
r
(1 + 05/ Z7(C2dj1-n/2/(v/C62) + €3 Yj1-py2)(V/C62)) 2 dz)
C.

4

)exp(ic1 +icgt), p=-1, >0
u = (k/06+f1_"/2 (C2l1—ny2)(v/Cor) + C3Kj1—ny2(v/CeT)) ¥
r
<1 + 05/ Z " (Calli—ns2/(v/Co2) + C3Kj1_ny2/(\/Co2)) 2 dZ)
C.

4

kr?/(2n) + c3r®~" + o) exp(icy), p=-1, n#0,2

)exp ici —icgt), p=-1, >0
(-
(—kr?/4 +czInr + co)exp(ici), p=-1, n=2



More Solutions of the Radial NLS

u = (co/r)exp (ic1 —iktr/c2+ik2t3/(3c§)), p=-1, n=3
u = (cz/(rt1/2)) exp (ic1—irz/(4t)—2ikrt3/2/(502)+
ik2t4/(25c§)), p=-1, n=3
u = (—(k/2)r?Inr + car® + cx) exp(icy), p=-1, n=0
u = ((k/8)r2+03r6/t4+02t2) exp(icy — ir2/(4t)),
p=-1v n=-4
u = (= O/e) + (P/0) (ca(Bar/) + caYalGar 1)

(1 + 05 /Cr/fz1 (c2d3(v/Cs2) + C3 Ys(\/@Z))*z dZ))

4
exp (ic1 —icg/t — ir? /(4t)) ,
p= _1> n= _47 Ce > 0



More Solutions of the Radial NLS

u = ((k/c6)t2 (P /) (Cab(v/Gar /1) + caka(y/Gar /1))
r/t
(1 + 05/ z ' (cah(+/Cez) + C3K3(1/Cs2)) 2 dz)) X

exp (iC1 +ice/t — irz/(‘”)) ,

p=-1, n=-4 ¢c>0

u = (i\/ k(1+3/n) /2) " <r+cgt‘”“/”rz“‘z/”))fn/z><

exp(ic; —ir?/(4t)), p=8/(1+V17) = (V17 -1)/2,
=(1+V17)/2, kn<0




More Solutions of the Radial NLS

4

u = (03(8 — 3n)/k> " o-np-2enj2
exp (ic1 —ir?/(4t) + icgr”_ztz_”>
p=28/(1+V17) = (V17 —1)/2,
n=01+V17)/2, k>0

u = (=16k)""3r2R(t(1 + cot)) /3 x
exp(icy — ir’(1 + 2c2t)/(8t(1 + c2t))),
p=3, n=4/3, k<O



Outline

Summary
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Summary

» Results: explicit blow-up solutions of group-invariant form
and non-invariant form, dispersive solutions, standing wave
solutions, explicit monopole solutions,

» goup foliation + reduction ansatz + intelligent computing
power = effective method for finding exact solutions of
nonlinear PDEs

» applied successfully to several types of semilinear PDEs:
Schrédinger eqns. ius = uxx + S ux + k|ulPu
S. Anco, W. Feng, T. Wolf, (J. Math. Anal. Appl. 2015)
heat eqns. and reaction-diffusion egns.
Ut = Uxx + Zux + (q — kuP)u
S. Anco, S. Ali, T. Wolf, (J. Math. Anal. Appl. 2011, SIGMA
2011)

wave eqns. Up = Uxx + DUy + kuPt!
S. Anco, S. Liu (J. Math. Anal. Appl. 2005)



Future Work

Application to other types of PDEs, e.g. > 3 independent
variables, quasilinear, derivative nonlinearities, larger number
of symmetries



The End

Thank you!
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